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Chapter 1
Analog cosmology with
spinor BECs
Esteban Calzetta1
Departamento de F´ısica, FCEyN UBA and IFIBA, CONICET,
Pabello´n I, Ciudad Universitaria, 1428 Buenos Aires, Argentina
Abstract: We show that the properties of spinor Bose-Einstein conden-
sates allow us to build an analog Taub (axisymmetric Bianchi IX) Universe.
We shall develop this proposal on the example of a rubidium condensate,
where the relevant experiments are well within present day capabilities. A
better Taub analog however would be built out of a collective Rydberg ex-
citation.
1.1 Introduction
Analog models [1] are increasingly used to test fundamental issues in quan-
tum and gravitational physics. While the quest for an experimental demon-
stration of the Unruh and Hawking effects dominates the field, analogs to
cosmological space times are also of great interest. A large variety of physi-
cal systems have been proposed as the physical support for the analog mod-
els, from plain water [2] to truly astrophysical systems [3]. Bose-Einstein
condensates (BECs) stand out for the excellent control one may achieve
at the experimental level and the relatively thorough understanding of their
physics at the theoretical one. There are several proposals to build black and
white holes [4–13] and expanding Universes [14–16] (including anisotropic
Bianchi I Universes [17]) out of BECs, as well as proposals to test specific
mechanisms without reproducing a complete cosmological scenario [18–22].
Following up on an earlier communication, in this contribution we shall de-
scribe a proposal to build an analog Taub Universe from a spinor BEC [23].
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4 CHAPTER 1. ANALOG COSMOLOGY WITH SPINOR BECS
The proposal relies on experiments which are clearly within present day
capabilities, since similar ones have been already carried out.
The Bianchi IX metric describes the homogeneous vacuum solution to
the classical Einstein equations with the largest number of free parameters.
It has been thoroughly investigated as a likely description of the Universe
close to the initial singularity. Moreover, the model displays dynamical
chaos and as such it has been the principal source of our understanding of
the interaction between gravity and chaos, both at the classical and quantum
levels [24]. The Taub Universe is a particular case of the Bianchi IX one,
where the evolution is axisymmetric besides homogeneous.
It is well known that both a particle with spin [25, 26] and a quantum field
in a Bianchi type IX Universe [27–33] are related to the quantum mechanical
top. In an earlier communication we combined these insights to show that
the dynamics of a cold gas of atoms with total momentum F 6= 0 may be
used to explore the behavior of quantum matter in the Taub space time [34].
Indeed, a spinor Bose-Einstein condensate may be described as a field defined
both in ordinary space time and in an internal space with the geometry of a
sphere. A magnetic field deforms the internal sphere into an homogeneous
space of the Taub class [35–42].
However, in that work we did not go beyond the test field approximation.
Since then, it has been realized that analog gravitational models need not
be confined to the kinematics of gravitation. They may be used to explore
certain aspects of space-time dynamics as well as fundamental issues such
as the nature of semiclassical approximations [43–49]. With this in mind we
shall reexamine our earlier proposal to show that the same effect occurs due
to the magnetic field generated by the condensate itself. This will open the
possibility of writing a self-consistent evolution for the model.
1.2 Field theory of BEC
For a field-theoretic description of BEC we begin with a second - quantized
field operator Ψ (x, t) which removes an atom at the location x at times t
[50, 51]. It obeys the canonical commutation relations
[Ψ (x, t) ,Ψ(y, t)] = 0 (1.1)[
Ψ(x, t) ,Ψ† (y, t)
]
= δ (x− y) (1.2)
The dynamics of this field is given by the Heisenberg equations of motion
− ih¯ ∂
∂t
Ψ = [H,Ψ] (1.3)
H =
∫
ddx
{
Ψ†HΨ+ Vint
[
Ψ†,Ψ
]}
(1.4)
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HΨ = − h¯
2
2M
∇2Ψ+ Vtrap (x)Ψ (1.5)
The Heisenberg equation of motion
ih¯
∂
∂t
Ψ = HΨ+
∂Vint
∂Ψ†
(1.6)
is also the classical equation of motion derived from the action
S =
∫
dd+1x ih¯Ψ∗
∂
∂t
Ψ−
∫
dt H (1.7)
The theory is invariant under a global phase change of the field operator
Ψ→ eiθΨ, Ψ† → e−iθΨ† (1.8)
The spontaneous breaking of this symmetry signals Bose-Einstein conden-
sation, and the order parameter is identified with the wave function of the
condensate [52].
1.2.1 Spinor BECs
In a spinor BEC, the interaction of the nuclear spin I and the electron spin S
for an electron in the ground state introduces in the Hamiltonian a hyperfine
term (A/2)F2, where F = I+ S and A is a constant (for rubidium, A ≈
2 10−6eV), leading to a ground state with F2 = F (F + 1) 6= 0 [50, 53–55].
Spinor BEC have been realized experimentally with several different species:
rubidium 87Rb with F = 1 [56–59] and F = 2 [60, 61]; sodium 23Na with
F = 1 [62] and F = 2 [63] and chromium 52Cr with F = 3 [64, 65]. Spinor
BEC can also be achieved with Rydberg atoms and molecular condensates
[66]. See also [67–80]. For concreteness, we shall consier the case of rubidium
[81]. For this element, I = 3/2 and the valence electron carries no orbital
angular momentum so the atom can have either F = 1 or F = 2, with the
former being the lowest modes, and so those that condensate.
Spinor condensates show local point interactions, spin-exchange interac-
tions and dipole-dipole interactions. The strenght of each of these can be
controlled independently, and we shall neglect the local point interactions.
In principle we could clasify atomic states by the z projection of the total
angular momentum F and describe theis associated destruction operators as
so many independent fields [82, 83]. However, to emphasize the symmetries
linking these states, we shall seek an alternative description, describing the
spinning atom as a particle in an enlarged configuration space.
The space of states of any spinning particle is a subspace of the Hilbert
space of a quantum top [84]. The configuration space of the top is param-
eterized by Euler angles θ, ϕ and ψ, and the spin operators are identified
with differential operators
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Fx =
h¯
i
{
cos [ϕ]
∂
∂θ
− sin [ϕ] cos [θ]
sin [θ]
∂
∂ϕ
+
sin [ϕ]
sin [θ]
∂
∂ψ
}
(1.9)
Fy =
h¯
i
{
sin [ϕ]
∂
∂θ
+
cos [ϕ] cos [θ]
sin [θ]
∂
∂ϕ
− cos [ϕ]
sin [θ]
∂
∂ψ
}
(1.10)
Fz =
h¯
i
∂
∂ϕ
(1.11)
L. S. Schulman used this to develop a path integral for spin [25]
Because of the hyperfine splitting, the Hamiltonian H for a spinor con-
densate contains a term (A/2)F2 (for rubidium, A = 210−6eV). After second
quantization, this term becomes (χa = (θ, ϕ, ψ))
H0 =
A
2
∫
d3χ
√
g0 g
ab
0
∂Ψ†
∂χa
∂Ψ
∂χb
(1.12)
where g0ab is the metric of the sphere, given by
ds20 = dθ
2 + dϕ2 + dψ2 + 2cos θ dϕdψ (1.13)
1.3 Self-consistent magnetic field
Since all retardation effects are negligible, to couple a magnetic field to the
condensate we add new terms to the Hamiltonian∫
ddx
{
1
2µ0
~B2 − 1
2α
(
~∇ · ~A
)2
− ~B ~M
}
(1.14)
where ~B = ~∇× ~A and ~M is the magnetization; µ0 is the vacuum permeability
and α the gauge fixing parameter.
The point is that the nuclear and electron spin contribute in a different
way to the magnetization
~M =
1
h¯
(
µN ~I + µe~S
)
≈ 1
h¯
µe~S (1.15)
and since
[
F 2, ~S
]
6= 0, it mixes F = 1 and F = 2 states. Observe that
µe = −2µB , where µB is Bohr’s magneton e/2me, the factor of 2 comes
from the electron’s g-factor, and the sign because the electron is negatively
charged.
In general, the matrix elements of the magnetization may be computed
from the Wigner-Eckart theorem [85]. However, in this simple case a direct
evaluation is easiest. Let us adopt a local frame such that ~B points in the
1.3. SELF-CONSISTENT MAGNETIC FIELD 7
z direction. Then we only need the matrix elements of Sz, which moreover
commutes with Fz. Obviously, these matrix elements are easiest to compute
in states |Iz = mI , Sz = mz〉 where the nuclear and electron spin are well
defined; we need them for states |F,Fz〉 where total angular momentum and
its z projection are well defined.
Since
|2, 2〉 = |Iz = 3/2, Sz = 1/2〉 (1.16)
we have
1
h¯
Sz |2, 2〉 = 1/2 |2, 2〉 (1.17)
Applying F− to both sides of eq. (1.16) we get
|2, 1〉 =
√
3
2
|Iz = 1/2, Sz = 1/2〉 + 1
2
|Iz = 3/2, Sz = −1/2〉 (1.18)
The other linearly independent combination is
|1, 1〉 = −1
2
|Iz = 1/2, Sz = 1/2〉 +
√
3
2
|Iz = 3/2, Sz = −1/2〉 (1.19)
Therefore
1
h¯
Sz |2, 1〉 =
√
3
4
|Iz = 1/2, Sz = 1/2〉 − 1
4
|Iz = 3/2, Sz = −1/2〉
=
1
4
|2, 1〉 −
√
3
4
|1, 1〉 (1.20)
1
h¯
Sz |1, 1〉 = −
√
3
4
|2, 1〉 − 1
4
|1, 1〉 (1.21)
Applying F− to eqs. (1.18) and (1.19) we get
|20〉 = 1√
2
(|Iz = −1/2, Sz = 1/2〉 + |Iz = 1/2, Sz = −1/2〉)
|10〉 = 1√
2
(− |Iz = −1/2, Sz = 1/2〉+ |Iz = 1/2, Sz = −1/2〉)(1.22)
Therefore
1
h¯
Sz |2, 0〉 = −1
2
|10〉
1
h¯
Sz |1, 0〉 = −1
2
|20〉 (1.23)
8 CHAPTER 1. ANALOG COSMOLOGY WITH SPINOR BECS
Finally, by symmetry
1
h¯
Sz |2,−1〉 = −1
4
|2,−1〉+
√
3
4
|1,−1〉
1
h¯
Sz |1,−1〉 =
√
3
4
|2,−1〉+ 1
4
|1,−1〉 (1.24)
1
h¯
Sz |2,−2〉 = −1/2 |2,−2〉 (1.25)
1.4 Low energy effective Hamiltonian
We are now ready to obtain the dynamics of the low energy F = 1 modes
by explicitly integrating out the energetic F = 2 modes. If moreover we
neglect the kinetic energy of the F = 2 atoms, then this integration can be
carried out independently at each point in the trap. We shall consider only
one such point, where moreover we assume ~B = Bzˆ. Let us expand
Ψ =
∑
F=1,2
F∑
M=−F
F∑
K=−F
fFMK (t)YFMK (θ, ϕ, ψ) (1.26)
where the modes YFMK are common eigenfunctions of F
2, Fz and Fξ =
(h¯/i) (∂/∂ψ) with eigenvalues h¯2F (F + 1), h¯M and h¯K respectively.
We shall consider only the one-loop approximation whereby the F = 2
modes are considered as free except for their coupling to the F = 1 modes
[51]. Within this approximation, the F = 2, M = ±2 and the F = 2, K =
±2 modes may be ignored. For the other modes we obtain the Hamiltonian
H2 =
1∑
M=−1
1∑
K=−1
{
[h¯ω2 −Mχ2] f †2MKf2MK + f †2MKJ1MK + J†1MKf2MK
}
(1.27)
where
ω2 =
3A
h¯
χ2 =
µeB
4
J1MK =
µeB
2
[
1 +
√
3
2
M −M2
]
f1MK (1.28)
Integrating out the F = 2 modes within the IN-OUT formalism [51] yields
a non-local effective Hamiltonian
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Heff = − i
h¯
1∑
M=−1
1∑
K=−1
∫
t′>t
dt′
〈
T
[
f2MK
(
t′
)
f †2MK (t)
]〉
J†1MK
(
t′
)
J1MK
(1.29)
Where T stands for time ordering. Keeping only the lowest order term in B
and assuming the F = 2 modes are in their vacuum state we get
〈
T
[
f2MK
(
t′
)
f †2MK (t)
]〉
= e−iω2(t
′−t)θ
(
t′ − t) (1.30)
To obtain a local effective Hamiltonian we further approximate
J†1MK
(
t′
)
= eiω1(t
′−t)J†1MK (t) (1.31)
where ω1 = A/h¯. Then the t
′ integral may be evaluated and we get
Heff =
µ2BB
2
8A
1∑
M=−1
1∑
K=−1
[
M2 − 4] f †1MKf1MK (1.32)
1.5 The effective dynamics as a self-consistent met-
ric
To be able to interpret the effective dynamics of the F = 1 modes as the
evolution of a field in a nontrivial space time, we write again the Hamiltonian
as an integral over Euler angles
Heff =
µ2BB
2
8A
∫
d3χ
√
g0
[
∂Ψ†
∂ϕ
∂Ψ
∂ϕ
− 4Ψ†Ψ
]
(1.33)
where only the F = 1 components of Ψ are retained. Comparing to the
case where only the hyperfine term is present, we see that the metric of the
sphere has been deformed into
ds2B =
[
1 + B2] dθ2 + dϕ2 + [1 + B2 sin2 θ]dψ2 + 2cos θ dϕdψ (1.34)
where
B = µBB
2A
(1.35)
To see that this is indeed a Taub metric, identify
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ω1 = dϕ+ cos θ dψ
(1.36)
ω2 = cosϕdθ + sinϕ sin θ dψ
(1.37)
ω3 = − sinϕdθ + cosϕ sin θ dψ (1.38)
The metric can then be written in terms of Misner parameters as
ds2B = e
2Ω
{
e−2β+ω21 + e
β++
√
3β−ω22 + e
β+−
√
3β−ω23
}
(1.39)
where β− = 0, β+ = Ω and
Ω =
1
3
ln
[
1 + B2] (1.40)
Physically, the physical degree of freedom in the metric is the same as in
the magnetic field, and so there is no “Einstein” equation independent of
Maxwell’s equations. Moreover, this equation is not local in the internal
space, rather the magnetic field is coupled to two global quantities. The
dynamic equation is the Ampere Law ∇× ~H = 0, where ~H is defined as the
variational derivative of the total effective Hamiltonian with respect to ~B.
Therefore we get
H i =
1
µ0
Bi −M i − c0Bi + CijBj (1.41)
c0 =
µ2B
A
∫
d3χ
√
g0 Ψ
†Ψ (1.42)
Cij =
µ2B
8Ah¯2
∫
d3χ
√
g0 Ψ
†
{
Fˆ i, Fˆj
}
Ψ (1.43)
Although very different in form to Einstein dynamics, this equation could be
used, for example, to explore the validity of the semiclassical approximation
in this problem.
1.6 Final remarks
We have shown that a spinor BEC with dipolar interactions has a natural
representation as a field on an internal space whose scale factor and shape
depend upon a self-consistent magnetic field. In this sense, there is a well
defined sense in which the “field” backreacts on the magnetic field and we
have a self consistent dynamics coupling the matter field and the Maxwell
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field. This can be used to explore both the quantum dynamics of inter-
nal spaces with nontrivial geometry and fundamental issues in semiclassical
theories.
One important difference between this problem and the full field theoretic
ones is that only a handful of modes really represent physical configurations.
The problem becomes more “field like” the larger the number of modes. This
can be accomplished, for example, by considering the dipole interaction of
Rydberg collective excitations [86–89, 91]. Such excitations have already
been built in the laboratory in D states with very large values of n (n > 50)
[92, 93], and therefore couple to a much larger number of modes.
The work presented in this communication can be extended in several
ways. In a dynamical setting, we expect the F = 2 modes we have inte-
grated out will behave as an environment for the relevant F = 1 modes.
Therefore, besides the effective field we have studied, we expect there will
arise dissipation, noise and decoherence effects [94, 51]. These are major
considerations for the assesment of current proposals for building analog
models in the laboratory [95, 96].
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